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CLASSIFICATION OF FINITE W-GROUPS
FATEMEH BAGHERZADEH
Abstract. We determine the structure of the W-group GF , the small Galois
quotient of the absolute Galois group GF of the Pythagorean formally real
field F when the space of orderings XF has finite order. Based on Marshall’s
work (1979), we reduce the structure of GF to that of GF , the W-group of the
residue field F when XF is a connected space. In the disconnected case, the
structure of GF is the free product of the W-groups GFi corresponding to the
connected components Xi of XF . We also give a completely Galois theoretic
proof for Marshall’s Basic Lemma.
1. Introduction
The characterization of Witt rings in the category of all rings is a very difficult
problem. Currently we only have information about finitely generated Witt rings.
For each field F of characteristic not two, there exists a certain Galois group which
carries the same information as the Witt ring of F ; see [15], [14, Theorem 3.8]. This
group was denoted by GF and called the W-group of F ; see [13]. Our approach for
determining the structure of W-groups, which are small quotients of the absolute
Galois groups GF , is based on Marshall’s theory of spaces of orderings [8], but from
the Galois theoretic point of view.
We focus on W-groups of some Pythagorean fields for which −1/∈∑F 2 and, es-
pecially, on their spaces of orderings. A Pythagorean field is a field in which every
sum of two squares is a square. The two obvious examples of Pythagorean fields are
R and C. Artin and Schreier called any field with the property −1/∈∑F 2, formally
real and they characterized them as fields admitting orderings; see [6, Theorem 1.5].
The theory of formally real fields originally comes from a basic algebraic property
of the field of real numbers which is that the only relations of the form
∑
α2i = 0
are the trivial ones 02 + 02+, . . . ,+02 = 0.
Throughout this paper F is a field with charF = 0. The group of nonzero
elements of the field F is denoted by F˙ and F˙ /F˙ 2 is the square class group, which
is an F2-vector space.
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Definition 1.1. [6, §.1] An ordering of the field F is a subset P $ F such that
P +P ⊆ P , P ·P ⊆ P and P ∪ (−P ) = F . A preordering of the field F is a proper
subset T $ F such that F˙ 2 ⊆ T , T + T ⊆ T and T · T ⊆ T .
Let P˙ = P−{0}, then P˙ is a subgroup of F˙ , ∑ F˙ 2 ⊂ P and −1/∈P . If F is a
Pythagorean formally real field, F 2 is a preordering of F . We keep the notation of
[13, 14], so F (2) is the quadratic closure of F and GF := Gal
(
F (2)/F
)
. Now for
a field F let F (2) = F (
√
a : a ∈ F˙ ), the compositum of all quadratic extensions
of F . So F (2) is the smallest field that contains all square roots
√
a for all a ∈ F˙ .
Let F (3) = F (2)(
√
y : y ∈ F (2)) such that F (2)(√y)/F is Galois. So F (3) is the
compositum of all quadratic extensions K of F (2) that K/F is Galois.
Definition 1.2. [14, §2] Let F be a Pythagorean formally real field, the W-group
of F is defined by GF = Gal
(
F (3)/F
)
.
1.1. Overview of Problem, Method and Results. Our goal is to determine
the structure of the W-group of the field F when F is a Pythagorean formally real
field with finitely many orderings. One of the main theorem we use relates XF , the
set of orderings of the field F , to the set of non simple involutions {σ ∈ GF |σ2 =
1, σ /∈ Φ(F )}; see [13, corollary 2.10]. By using Galois theory we show XF is a
space of orderings (Theorem 3.2) and we also present the Galois theoretic proof
for the Basic Lemma; see [8, Lemma 1.3] which make this mysterious lemma more
clear. Thereby all techniques about the general space of orderings can be used
for classifying the W-group GF . By using Marshall’s method for classifying the
general space of orderings (see [8]) we show if the space of orderings of the field F
is connected, the translation group of GF is nontrivial, so the structure of GF will
be reduced to the structure of GF , (Theorem 3.10. F is the residue field of F ). If
XF is disconnected, the structure of GF will be reduced to the free product of GFi
such that GFi are W-groups corresponding to the connected components Xi of XF
(Theorem 3.13).
2. Preliminaries
2.1. Space of Orderings.
Definition 2.1. [8] A pair (X,G) such that G is an elementary 2-group, −1 is
a distinguished element in G and X is a subset of the character group χ(G) =
Hom(G, {1,−1}) is called a space of orderings if it satisfies the following properties:
(1) X is a closed subset of χ(G).
(2) For any ordering σ ∈ X, σ(−1) = −1.
(3) X⊥ = {a ∈ G |σa = 1 ∀σ ∈ X} = 1.
(4) If f and g are two forms over G and x ∈ Df⊕g, then there exist y ∈ Df
and z ∈ Dg such that x ∈ D〈y,z〉.
Example 2.2. Let F be a formally real field, XF the set of all orderings of F and
G = F˙ /
∑
F˙ 2. We show (XF , GF ) is a space of orderings, (Theorem 3.2).
Let σi ∈ X for i = 1, . . . ,m, ǫi ∈ {0, 1} and
Y = {σ ∈ X |σ = σ1ǫ1 , . . . , σmǫm}, ∆ = {a ∈ G |σi(a) = 1}.
Then (Y,G/∆) is a subspace of (X,G) generated by σ1, . . . , σm if Y and ∆ satisfy
the duality condition; ∆ = Y ⊥ and Y = ∆⊥ ∩X ; see [8]. Note that σ is a product
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of an odd number of orderings. The subspace (Y,G/∆) of (X,G) is also a space of
orderings; see [8, Lemma 2.2].
Remark 2.3. Two spaces of orderings (X,G) and (X ′, G′) are called equivalent,
denoted by (X,G) ∽ (X,G′), if there exists a group isomorphism ϕ : G ∼= G′ such
that the dual isomorphism ϕ∗ : χ(G′)→ χ(G) maps X ′ onto X ; see [8].
Definition 2.4. [8] Two orderings σ, σ′ of X are called simply connected in X ,
denoted by σ ∽s σ
′, if there exist orderings τ, τ ′ of X such that σσ′ = ττ ′ and
{σ, σ′} 6= {τ, τ ′}. If either σ = σ′ or there exists a sequence of orderings σ =
σ0, σ1, . . . , σk = σ
′ ∈ X such that σi−1 ∽s σi for all i = 1, . . . , k, then σ and σ′ are
connected and denoted by σ ∽ σ′.
Let Xi, i = 1, . . . , k be the equivalence classes of connected components and
X = X1∪, . . . ,∪Xk the decomposition of X determined by the relation ∼. Any of
Xi are called the connected components of X . The ordering space X is connected
if it has only one connected component and the rank (or dimension) of X is n if
there exists a basis {σ1, . . . , σn} of χ(G) generating the elements of X , any element
of X should be a product of an odd number of σi.
Theorem 2.5. [8] Suppose X1, . . . , Xk are the connected components of X, then
any of Xi is a subspace of X and rankX =
∑k
1 rankXi.
Remark 2.6. For α ∈ χ(G) let Xα = {σ ∈ X |σα ∈ X} = αX ∩X . Indeed Xα is
a subspace of X and the maximal subset of X satisfying αXα = Xα; see [8, Lemma
4.3]. Consider the family M = {Xα |α ∈ χ(G)}. We recall briefly the following
propositions about the elements of M; see [8, Lemma 4.4]:
(1) If σ1, σ1α, σ1β, σ1αβ are different elements in XF , then either Xα ⊆ Xβ or
Xβ ⊆ Xα.
(2) If α 6= 1, β 6= 1, Xα ∩Xβ 6= ∅, rank Xα ≥ 3 and rank Xβ ≥ 3, then there
exists γ ∈ χ(G), γ 6= 1 such that Xα, Xβ ⊆ Xγ .
(3) If rankXα > 3 and rank Xβ > 3, then either Xα∩Xβ = ∅ or |Xα∩Xβ | > 2.
Theorem 2.7. [8] If X is a connected space with rank X 6= 1, then there exists
α ∈ χ(G), α 6= 1, such that αX = X.
Definition 2.8. For spaces of orderings X , we define the translation group T as
the set of all α ∈ χ(G) such that αX = X .
Theorem 2.9. [8, Theorem 4.8] If X is a connected space of orderings, T the
translation group of X, G′ = T⊥ and X ′ the set of all restrictions σ|G′ such that
σ ∈ X, then (X ′, G′) is a space of orderings.
Theorem 2.10. [8, Theorem 4.10] Let (X,G) be a finite space of orderings. Then
there exists a Pythagorean formally real field F such that (X,G)∽(XF , GF ).
Marshall proved that ifXF is a connected space of orderings, then the translation
group T is a nonempty subgroup of χ(G); see [8]. By using this, he reduced the
study of the structure of connected spaces of orderings to ordering spaces with
smaller rank. In this work we use Galois theoretic techniques to show that when
the set of orderings of the field F is connected, the W-group of F has a nontrivial
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2.2. W-group of Pythagorean Formally Real Fields. A quadratic form with
coefficients in F is a homogeneous quadratic polynomial over F . A binary form
q(x, y) = ax2 + bxy + cy2 where a, b, c ∈ F is a quadratic form with two variables.
Any quadratic form q in n variables over field F can be written in a diagonal form
q(x) = a1x
2
1 + a2x
2
2 + · · ·+ anx2n. Such a diagonal form is denoted by 〈a1, . . . , an〉;
see [7, Corollary 2.4]. The form f = 〈a1, . . . , an〉 represents e ∈ F˙ if and only if
there exist x1, . . . , xn in F such that e = a1x
2
1 + a2x
2
2 + . . .+ anx
2
n. The set of all
elements of F represented by a form f is denoted Df .
Definition 2.11. [10] The Witt group W (F ) is the abelian group of equivalence
classes of non-degenerate symmetric bilinear forms, with the orthogonal direct sum
of forms as the group operation. The Witt group W (F ) with the tensor product
of two bilinear forms as the ring product has a commutative ring structure and is
called Witt ring of F .
The direct product of Witt rings corresponds to the free product of W-groups
in the approprative category; see [12].
Theorem 2.12. [12] Let F (3) = F (2)
(√
y : y ∈ F (2)) such that F (2)(√y)/F is
Galois, F (3) is the compositum of all extensions K of F that Gal(K/F ) is one of
Z/2Z, Z/4Z or D4.1
Definition 2.13. A D4-extension L of a field F is a Galois extension of F such that
Gal(L/F ) ∼= D4. Let a, b ∈ F˙ be independent modulo squares (aF˙ 2 6= bF˙ 2). Then
a Da,b4 -extension of a field F is a D4-extension K of F such that F
(√
a,
√
b
) ⊆ K
and Gal
(
K/F (
√
ab)
) ∼= Z/4Z.
Definition 2.14. Let a, b ∈ F˙ . A quaternion algebra A = (a,b
F
) is the F -algebra of
dimension four with the basis {1, i, j, k}, such that i2 = a, j2 = b, k = ij, ij = −ji.
Lemma 2.15. [7, Theorem.III 2.7] We say a quaternion algebra A = (a,b
F
) is split
over F and, denoted by A = (a,b
F
) = 1 if the binary form 〈a, b〉 represents 1.
Lemma 2.16. [13, Theorem 1.6] Let a, b ∈ F be independent modulo squares. Then
there exists a Da,b4 -extension of F if and only if quaternion algebra (
a,b
F
) is split.
Definition 2.17. [13] An involution σ of GF is simple if σ ∈ ΦF (ΦF is the Frattini
subgroup group of GF ). An involution σ is real if it is not simple and if the fixed
field F
(3)
σ of σ is formally real. Two involutions σ1 and σ2 are independent mod
ΦF if they are in different classes of GF /ΦF . When σ is is not simple and not real,
we say σ is nonreal.
Theorem 2.18. [13, Theorem 2.7] Let F be a field.
• If F is formally real, then GF contains a real involution.
• Suppose GF contains a nonsimple involution. Then F is formally real.
Corollary 2.19. If σ is a nonsimple involution in GF and b is an element of F˙
such that σ
(√
b
)
= −√b, then:
• b is not a sum of two squares,
• if ( b,c
F
) = 1, then σ
(√
c
)
=
√
c,
• σ(√−1 ) = −√−1.
1This result was recently extended in [4], although we do not bring the extension in this paper.
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Proof. See the proof of [13, Theorem 2.7]. 
Remark 2.20. Let σ be a nonsimple involution in GF , define Pσ = {a ∈ F˙ :
σ(
√
a) =
√
a}. It is easy to check that Pσ is an ordering of the field F ; see [13,
Theorem 2.7]. On the other hand for each ordering P in XF there exists a real
involution σ in GF such that P = (F (3)σ )2 ∩ F˙ . Suppose σ and τ are nonsimple
involutions in GF . Then Pσ = Pτ if and only if σΦF = τΦF ; see [13, Proposition
2.9]. Thus σ = σP to the mod ΦF .
Theorem 2.21. [13, Corollary 2.10] If F is a Pythagorean formally real field,
then there exists a bijection between the set of nontrivial cosets σΦF of GF (σ is
an involution) and the set of orderings of the field F . The bijection is given by:
σΦF ↔ Pσ.
Theorem 2.22. [13, Theorem 2.11] Let F be a formally real field. Then the fol-
lowing conditions are equivalent.
(1) F is Pythagorean.
(2) GF is generated by involutions.
(3) ΦF = [GF ,GF ].
Remark 2.23. The involutions that generate the group GF in the last theorem
are real; see [13, Theorem 2.11]. On the other hand, by Theorem 2.21 there is a
bijection between the set of nontrivial coset σΦF and the set of orderings of the
field F , so the group GF is generated by the space of orderings of the field F .
Indeed the group GF is a pro-2-group, which is a topological group with the Krull
topology, and belongs to the category C of [13]. Commutators of the group GF
are in the center, the Frattini subgroup ΦF is equal to Gal
(
F (3)/F (2)
)
, and the
commutator subgroup [GF ,GF ] is a subset of the Frattini subgroup ΦF ; see [13].
Now for pro-2-group G define 2-descending central sequence of G by G(1) = G and
G(i+1) =
(
G(i)
)2
[G(i), G] for i = 1, 2, . . . . Then C would be the full category of all
pro-2-groups G with G(3) = {1}; see [14].
Lemma 2.24. [14, Proposition 2.1] If GF = Gal
(
F (2)/F
)
and G
(3)
F = G
4
F [G
2
F , GF ]
is the third term of the 2-descending central sequence for GF , then GF∼=GF /G(3)F .
Lemma 2.25. [12, §1.1] The category C is the full subcategory of the category of
pro-2-groups whose objects are those pro-2-groups G satisfying:
• g4 = 1, ∀g ∈ G,
• g2 ∈ Z(G) where Z(G) is the center of G, ∀g ∈ G.
Definition 2.26. [2, 16] Let F be a filed. An element a in F˙ is called rigid if
D〈1, a〉 = F˙ 2 ∪ aF˙ 2. An element a ∈ F˙ is called double-rigid if both a and −a are
rigid. Define
Bas(F ) = {a ∈ F˙ | a is not double-rigid} ∪ F˙ 2 ∪−F˙ 2,
which is a subgroup of F˙ .
If F is a Pythagorean formally real field and |F˙ /F˙ 2| > 2, then −1 is not rigid; see
[3]. So Bas(F ) = {a ∈ F˙ | a is not double-rigid} in this case. Following the notation
of [12], let H = {σ ∈ GF |σ
(√−1 ) =√−1}. We can choose a basis {−1, ai | i ∈ I}
for F˙ /F˙ 2 such that {−1, ai | i ∈ I ′} is a basis for the basic part Bas(F )/F˙ 2 of F˙ /F˙ 2,
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and I ′ ⊂ I. Let J = I\I ′ . Then {aj | j ∈ J} is the set of all double-rigid elements
of the basis {−1, ai | i ∈ I}. The set {σ−1, σi | i ∈ I} is a dual set corresponding
to the basis {−1, ai | i ∈ I} which means σi
(√
aj
)
= (−1)δi,j√aj where δi,j = 1 if
i = j = 1 and δi,j = 0 otherwise.
Theorem 2.27. Let F be a Pythagorean formally real field such that |F˙ /F˙ 2| > 2,
∆J denotes the subgroup of GF generated by {σj | j ∈ J}, and Z(H) is the center
of H. Then
Z(H) = {σ ∈ GF |σ
(√
b
)
=
√
b ∀b ∈ Bas(F )} = ∆J .
Also any σj has order four and ∆J ∼=
∏
J Z/4Z.
Proof. If F is a Pythagorean formally real field, then DF 〈1, 1〉 = F˙ 2, so the left
side equality is a direct result of [12, Theorem 4.2]. The definition of ∆J gives us
the right side equality. For the third statement see [12, Corollary 3.3]. 
Theorem 2.28. [12, Theorem 3.5] Let F be a field. Then GF ∼= ∆J ⋊ GK =
(
∏
J Z/4Z) ⋊ GK , where GK is generated by {σi | i ∈ I \ J} ∪ σ−1. The group GK
acts on ∆J by:
σ−1i τσi = τ, σ
−1
−1τσ−1 = τ
3 τ ∈ ∆J , σi ∈ GK .
Remark 2.29. In the last theorem GK is the W-group of some suitable field K.
Based on the work; [9, 16, 5, 1], Mina´cˇ and Smith proved the last theorem (which
is in the general case). In the case that F is a Pythagorean formally real field, K
is the residue field F of some 2-Henselian valuation on F ; see [12].
Lemma 2.30. [6, Lemma 3.14] Let ν be a valuation on F with the maximal ideal m
and residue field F such that charF 6= 2. Then the valuation ν on F is 2-Henselian
if and only if 1 +m ⊆ F 2.
Theorem 2.31. [6, Theorem 3.16] If ν is a 2-Henselian valuation on a field F,
then
• F is formally real if and only if, F is formally real,
• F is Pythagorean if and only if, F is Pythagorean.
3. Space of orderings of a pythagorean formally real fields
3.1. Set of orderings of the field F . Let F be a Pythagorean formally real
field, XF the set of all its orderings, G = F˙ /F˙ 2, GF the W-group of F and let
XF = {σΦF |σ2 = 1, σ /∈ ΦF } be the set of classes of non simple involutions of
GF modulo the Frattini subgroup of GF . For any σ in XF consider Pσ = {a ∈
F˙ |σ(√a ) =√a}. By theorem 2.21 we can identify XF ,the set of orderings of F ,
with XF . Now for any involution σ in GF and b in F˙ /F˙ 2, let sgn σ(b) = σ
(√
b
)
/
√
b,
so sgn σ(b) ∈ {±1} and sgn σ is an element of χ(F˙ /F˙ 2). If sgnPσ be the classical
signature function,
sgnPσ(b) =
{
1 if b ∈ Pσ
−1 if b /∈ Pσ.
Then sgn σ(b) = sgnPσ(b) for any b in F˙ /F˙
2. On the other hand any element
γ in χ
(
F˙ /F˙ 2
)
induces γ : F (2) → F (2) which fixes F , and γ is an involution in
Gal
(
F (2)/F
)
. We can extend γ to an involution in Gal
(
F (3)/F
)
, so the set of
involutions of Gal
(
F (3)/F
)
corresponds to χ
(
F˙ /F˙ 2
)
.
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Definition 3.1. [6, §1] For any ordering P ∈ XF and form f = 〈a1, . . . , an〉, define
the P -signature of f by sgnP (f) =
∑n
1 sgnP (ai). Two forms f = 〈a1, . . . , an〉 and
g = 〈b1, . . . , bm〉 are isometric if and only if they have the same dimension and
signature with respect to all ordering P in XF ; see [6, Definition 1.11].
Theorem 3.2. Let F be a Pythagorean formally real field, then
(
XF , F˙ /F˙ 2
)
is a
space of orderings.
Proof. By Definition 2.1,
(
XF , F˙ /F˙ 2
)
is a space of orderings, if it satisfies the
following properties.
(1) XF is a closed subset of the set of involutions of GF .
(2) σ
(√−1 ) = −√−1.
(3) X⊥F = {a ∈ F˙ /F˙ 2 |σ
(√
a
)
=
√
a for anyσ ∈ X} is the trivial preordering
F˙ 2.
(4) If f and g are two forms over F˙ /F˙ 2 and if x ∈ Df⊕g, then there exist
y ∈ Df and z ∈ Dg such that x ∈ D〈y,z〉.
Property (1): Assume that K/F is any Galois extension, which may be possi-
bly infinite. We recall the Krull topology on Gal(K/F ) which is defined via a
neighbourhood basis U(K/F ) = {Gal(K/N) |N ∈ N} at the unit element, where
N is the set of all subfields N of K which contain F and are finite and Galois
over F . Now we consider K = F (3). First, we will show Φ
(
Gal(F (3)/F )
)
, the
Frattini subgroup of Gal
(
F (3)/F
)
, is a closed subgroup of Gal
(
F (3)/F
)
. By def-
inition of the Frattini subgroup, Φ
(
Gal(F (3)/F )
)
=
⋂
Hi for all maximal sub-
group Hi of GF . If τ ∈ Φ
(
Gal(F (3)/F )
)
and τ /∈ Gal(F (3)/F (2)), there exist
b ∈ F˙ such that τ(√b) = −√b, so τ /∈ Gal(F (3)/F (√b)). But Gal(F (3)/F (√b))
has index 2 in GF , so it is a maximal subgroup GF and this is contradiction.
Therefore Φ
(
Gal(F (3)/F )
)
contains all τ ∈ Gal(F (3)/F ) which fix F (2). Thus
if γ /∈ Φ(Gal(F (3)/F )), then there exists a ∈ F˙ such that γ(√a ) = −√a. Any σ in
γ·Gal(F (3)/F (√a)) has the form σ = γα, α ∈ Gal(F (3)/F (√a)), so σ(√a ) = −√a.
As γ ·Gal(F (3)/F (√a)) is an open neighborhood of γ, we see that Φ(Gal(F (3)/F ))
is a closed subgroup of Gal
(
F (3)/F
)
. Now we can consider the quotient topology
on W = Gal
(
F (3)/F )/Φ(Gal(F (3)/F )
)
. We consider XF to be a subset of W, and
we will show that XF is a closed subset of W .
Let [α] be an element inW \XF while [α] = αΦ
(
Gal(F (3)/F )
)
. Then either α in
Φ
(
Gal(F (3)/F )
)
, or α is not an involution of Gal
(
F (3)/F
)
(this follows from Theo-
rem 2.22). If α ∈ Φ(Gal(F (3)/F )), then α(√−1 ) =√−1and αGal(F (3)/F (√−1))
has image in W disjoint with XF . If α is not involution, then by Theorem 2.21,
Pα = {a ∈ F˙ /F˙ 2 | α
(√
a
)
=
√
a} is not an ordering of F . As Pα is not an or-
dering we see that Pα is not additively closed, so there exist h, q ∈ Pα such that
h+ q /∈ Pα, or equivalently α
(√
h
)
=
√
h, α(
√
q) =
√
q and α(
√
q+h) =
√
q+h. Let
H = Gal(F (3)/K), where K = F
(√
h,
√
q,
√
h+q
)
. Then the action of all elements
αH on K is the same as the action of α on K. This means that for β ∈ αH and
Pβ = {a ∈ F˙ /F˙ 2 | β
(√
a
)
=
√
a}, we have h, q ∈ Pβ but h + q /∈ Pβ , so Pβ is not
an ordering of F . Hence the image of the open neighborhood αH of α in W has
an empty intersection with XF , and XF is a closed subset of W .
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For property (2), see [13, Theorem 2.7]. Let XF = {σ1ΦF , σ2ΦF , . . . , σnΦF }
by Theorem 2.21 any σiΦF corresponds to the ordering Pi of F . Now by Artin’s
theorem X⊥ =
⋂
Pi∈XF
Pi = F˙
2; see [6, Theorem 1.6]. For property (4), let
f = 〈a1, . . . , am〉 and g = 〈b1, . . . , bn〉 be two forms on F . Suppose there exist
elements f1, . . . , fm+n ∈ F such that x = a1f21+, . . . ,+am+nf2m+n. Let
y = a1f
2
1+, . . . ,+anf
2
n, z = an+1f
2
n+1+, . . . ,+am+nf
2
m+n
which means there exist y ∈ Df and z ∈ Dg such that x ∈ D〈y,z〉. 
Remark 3.3. If {Pσ1 , Pσ2 , . . . , Pσm} be an arbitrary subset of a space of orderings
XF , Y = {P ∈ XF |P = Pσi1 , . . . , Pσik } and T =
⋂
Pσi , i = 1, . . . ,m. If Y , T
satisfy the duality condition T =
⋂
Pσ, Pσ ∈ Y and Y = {P ∈ XF |T ⊆ P}, then
(Y, F˙ /T˙ ) is a subspace of
(
XF , F˙ /F˙
2
)
and there is a Pythagorean formally real
field E such that Y corresponds to XE ; see [8, Theorems 4.10, 2.2].
3.2. Main Theorem. The following Theorem corresponds to the Basic Lemma of
[8], which was critical in the classification of general spaces of orderings.
Theorem 3.4. There does not exist any Pythagorean formally real field F such
that GF = 〈σ1, . . . , σ5 |σ21 , . . . , σ25 = (σ1 · · ·σ5)2 = 1, i = 1, . . . , 5〉 and σ1, . . . , σ5
are independent involutions mod ΦF .
Proof. Since involutions σ1, . . . , σ5 are independent modulo ΦF , there exists a dual
basis {a1, . . . , a5} such that σi
(√
aj
)
= (−1)δi,j(√aj ).
Claim 1: If there exists a D
aiaj
c
, 1
c
4 extension K of F such that i, j ∈ {1, . . . , 5}
and c = aǫ11 . . . a
ǫ5
5 , ǫi ∈ {0, 1}, then c = 1 or c = aiaj . Indeed, if we consider the
following diagram of a D
aiaj
c
, 1
c
4 -extension K of F , without loss of generality, we can
assume
aiaj
c
= α, 1
c
= β.
K
❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤
♥♥
♥♥
♥♥
♥♥
❖❖
❖❖
❖❖
❖❖
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
K1
❍❍
❍❍
K2 F (
√
α,
√
β)
♦♦
♦♦
♦
◆◆
◆◆
◆
K4 K5
②②
②②
F (
√
α)
PP
PP
PP
P
F (
√
αβ) F (β)
♦♦
♦♦
♦♦
♦
F
As c = aǫ11 . . . a
ǫ5
5 , ǫi ∈ {0, 1}, we need to show that ǫt = 0 for t 6= i, j. Assume
if t 6= i, j, then ǫt = 1. Let σt be the restriction of σt to the Dα,β4 -extension
K of F , and let Kσt be the fixed field of σt. We have σt
(√
β
)
= −√β and
σt
(√
α
)
= −√α, so √α,√β /∈ Kσt . All five intermediate fields of index two in
the above diagram contain
√
α or
√
β. So Kσt can not be any of the five inter-
mediate fields of index two in this diagram. Thus it should be F
(√
αβ
)
. On the
other hand Gal(K/F (
√
αβ)) ∼= C4, but 〈σt〉 ∼= C2, and this is a contradiction. If
ǫi = 1, ǫj = 0 let τ = σ1σ2σ3σ4σ5 be the restriction of σ1σ2σ3σ4σ5 to the field K.
We have τ
(√
α
)
= −√α and τ(√β ) = −√β. If Kτ is the fixed field of τ , then√
α,
√
β /∈ Kτ , so Kτ can not be any of the five intermediate fields of index two in
the above diagram. But τ2 = (σ1σ2σ3σ4σ5)
2 ∼= C2, which is contradiction. In the
same way if ǫi = 0, ǫj = 1 we get a contradiction, so c = aiaj or c = 1.
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Let a = a1a2a3a4a5, f = 〈1, aa5, aa4〉, and g = 〈aa3, a1a3, a2a3〉. Then
σ1(f)=σ1(1) + σ1(aa5) + σ1(aa4) = −1,
σ1(g) = σ1(aa3) + σ1(a1a3) + σ1(a2a3) = −1.
So σ1(f) = σ1(g), any ordering σ in XF is a product of an odd number of σ1, . . . , σ5,
and it is easy to check that σ(f) = σ(g). Therefore sgn(f) = sgn(g), so f∼=g and
aa3 ∈ Df , which means there exist w, y, z ∈ F such that w2+aa5y2+aa4z2 = aa3.
So w2 + (aa5
y2
z2
+ aa4)z
2 = aa3. Let b = aa5
y2
z2
+ aa4, then
aa5
b
y2
z2
+ aa4
b
= 1
and bz2 + w2 = aa3. If λ =
aa5
b
, γ = aa4
b
, by Theorem 2.16 there exists a Dγ,λ4 -
extension K of F . Let ai = a4, aj = a5 in the diagram of claim 1, then we consider
γ = aa4
b
= 1/c and λ = aa5
b
aa4×a4a5
b
= a4a5
c
.
K
❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤❤❤
♦♦
♦♦
♦♦
♦♦
❖❖
❖❖
❖❖
❖❖
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
K1
❋❋
❋❋
❋
K2 F (
√
γ,
√
λ)
qq
qq
q
◆◆
◆◆
◆
K4 K5
①①
①①
F (
√
γ)
❖❖
❖❖
❖❖
❖
F (
√
γλ) F (
√
λ)
♦♦
♦♦
♦♦
♦
F
But in claim 1 we proved c = 1 or c = a4a5. If c = 1, then
aa4
b
= 1 and b = aa4,
in the case c = a4a5,
aa5
b
= 1 and b = aa5. On the other hand, because of
bz2 + w2 = aa3, we have
b
aa3
z2 + 1
aa3
w2 = 1. So there exists a Dbaa3,aa34 -extension
K of F . Now consider the following diagram of this extension:
K
❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢❢❢
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❙❙
❙❙
❙❙
❙❙
❙❙
❙
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳
K1
❏❏
❏❏
❏
K2 F (
√
baa3,
√
aa3)
❧❧
❧❧
❧❧
❘❘❘
❘❘❘
❘
K4 K5
✉✉
✉✉
✉
F (
√
baa3)
❙❙
❙❙
❙❙❙
❙❙
F (
√
b) F (
√
aa3)
❦❦
❦❦❦
❦❦❦
❦
F
If b = aa5, let σ5 be the restriction of σ5 to the extension K, and let Kσ5 be
the fixed field of σ5. Then σ5
(√
baa3
)
= σ5
(√
a3a5
)
= −√a3a5 and σ5
(√
aa3
)
=
−√aa3, so
√
baa3,
√
aa3 /∈ Kσ5 . Therefore, Kσ5 cannot be any of the five interme-
diate fields of index two in this diagram. Therefore Kσ5 does not equal F
(√
b
)
,
but Gal
(
K/F (
√
b)
) ∼= C4, whereas 〈σ5〉 ∼= C2; this is contradiction. In the case of
b = aa4, and for σ4 the argument is the same. So the group
〈σ1, . . . , σ5 | (σi)2 = (σ1 · · ·σ5)2 = 1 i = 1, . . . , 5〉
cannot be the W-group of any Pythagorean formally real field F . 
Lemma 3.5. Let {σ1, . . . , σn} be a basis for XF , and let τ ∈ GF be such that
σiτ ∈ XF for i = 1 . . . n. Then τXF = XF .
Proof. This is a direct result of Theorem 3.2 and [8, Lemma 4.2]. 
Remark 3.6. In the last Lemma, τ is an element of GF such that σiτ ∈ XF . By
Definition 2.1 part two, σiτ
(√−1 ) = −√−1 and σi(√−1 ) = −√−1. Therefore
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τ
(√−1 ) =√−1 and τ is an element of Gal(F (3)/F (√−1)). The translation group
T for the general space of ordering is the set of all τ in χ(G) such that τX = X , so
for the space of orderings
(
XF , F˙ /F˙ 2
)
, the translation group T is the set of all τ in
Gal
(
F (3)/F (
√−1)) such that τXF = XF . But Gal(F (3)/F (√−1)) is a subgroup of
GF which is generated by orderings of the field F Remark 2.23. So the translation
group T is exactly the set of all elements τ of group
Gal
(
F (3)/F (
√−1)) = 〈σiσj |σi, σj ∈ XF 〉
which have the property τXF = XF . In Theorem 3.9 we show that τ is an element
of the center of Gal
(
F (3)/F (
√−1)).
Lemma 3.7. Let Xα = {σ ∈ XF |σα ∈ XF } and α, β 6= 1 are elements of
Gal
(
F (3)/F (
√−1)). If Xα ∩ Xβ 6= ∅ and rankXα and rankXβ ≥ 3, then there
exist γ in Gal
(
F (3)/F (
√−1)) such that Xα, Xβ ⊆ Xγ .
Proof. This is a direct result of [8, Lemma 4.6] for
(
XF , F˙ /F˙ 2
)
. 
Theorem 3.8. If XF is a connected space of orderings of a field F and rank
XF 6= 1, then there exists τ ∈ Gal
(
F (3)/F (
√−1)), τ 6= 1 such that τXF = XF .
Proof. Apply [8, Theorem 4.7] to the space of orderings
(
XF , F˙ /F˙ 2
)
. 
Theorem 3.9. Let XF be a connected space of orderings of a Pythagorean formally
real field F . Then Gal
(
F (3)/F (
√−1)) has a nontrivial center.
Proof. Let |XF | = n. By Theorem 3.8 there exists an element τ = σ1σ2 in the
group Gal
(
F (3)/F (
√−1)) such that τXF = XF . Therefore for any σi ∈ XF , τσi =
σk(i), k(i) ∈ {1, . . . , n}. So there exist m,n such that τσi = σm and τσj = σn.
Therefore
σ1σ2σi = σm =⇒ σi = σ−1i = σ2σ1σm σ1σ2σj = σn =⇒ σj = σ−1j = σ2σ1σn.
For any element γ = σiσj in Gal(F
(3)/F (
√−1)) we would have
τσiσjτ
−1σjσi = σmσnσjσi = σmσnσ2σ1σnσ2σ1σm = σmσn(σ2σ1σn)
2σnσm
(σj = σ2σ1σn)
2 = 1 =⇒ σmσn(σ2σ1σn)2σnσm = 1 =⇒ τσiσj = σiσjτ.
So τ is an element of the center of Gal
(
F (3)/F (
√−1)). 
The next theorem is a generalization of [12, Theorem 3.5].
Theorem 3.10. If F is a Pythagorean formally real field with connected space of
ordering XF , then GF ∼=
∏
C4 ⋊ GF , where F is also a Pythagorean formally real
field with a smaller number of orderings and a disconnected space of orderings XF .
For a suitable set of generators σi, σ−1, the group GF acts on
∏
C4 by σ
−1
i τσi = τ
and σ−1−1τσ−1 = τ
3 where, τ ∈∏C4.
Proof. We assume XF is a connected space, so by Theorem 3.9, Gal
(
F (3)/F (
√−1))
has nontrivial center. Any element γ = σiσj in Gal
(
F (3)/F (
√−1)), such that σi,
σj are elements of the basis {σ1, . . . , σn}, has order four. This is because of σi,
σj are independent involutions mod ΦF , so σiσj /∈ ΦF . Indeed if (σiσj)2 = 1,
then σiσj is a non simple involution and σiσj
(√−1 ) = −√−1, but σiσj(√−1 ) =
σi
(
σj
√−1 ) = σi( −√−1 ) = √−1 which is a contradiction. So γ = σiσj has
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order four, and the center of Gal
(
F (3)/F (
√−1)) is isomorphic to ∏m1 C4. Let
H = {σ ∈ GF |σ
(√−1 ) =√−1}. By Theorem 2.27
Z(H) = {σ ∈ GF |σ
(√
b
)
=
√
b ∀b ∈ Bas(F )} = ∆J .
But H = Gal
(
F (3)/F (
√−1)), so the center of Gal(F (3)/F (√−1)) that was non-
trivial and isomorphic to a product of copies of C4 is equal to the set
{σ ∈ GF |σ(
√
b) =
√
b ∀b ∈ Bas(F )} = ∆J .
Now let E = F
(√
ai | ai ∈ Bas(F )
)
be the fixed field of Z(H) and X
′
= {σ|E |σ ∈
XF }. By Theorem 2.9,
(
X
′
, E˙/E˙2
)
is a space of orderings. Now, by Theorem 2.10,
there exists a Pythagorean formally real field L such that
(
X
′
, E˙/E˙2
)∼(XL, L˙/L˙2).
So GL, the W-group of the Pythagorean real field L, is generated by XL = X ′ .
The fundamental theorem of Galois theory implies GF ∼= ∆J ⋊ Gal(E/F ). But
Gal(E/F ) is a subgroup of GF which is generated by {σ|E |σ ∈ XF } = X ′, so
GF ∼= ∆J ⋊ GL. On the other hand, by Theorem 2.28 and Remark 2.29,
GF ∼= ∆J ⋊ GF ∼=
∏
C4 ⋊ GF
where F is the residue field of some 2-Henselian valuation on F . But Z(H) where
H = Gal
(
F (3)/F (
√−1)) = 〈σiσj |σi, σj∈XF 〉
is nontrivial. If τ = σiσj is an element of Z(H), as E is the fixed field of Z(H),
σi|E = σj |E which implies the rank XF is less than the rank XF . Also XF is
disconnected space of orderings; see [8, Remark 1]. 
Remark 3.11. Note that in the connected case, any σ in XF can be written
uniquely as a product tσ′ that t ∈ T , σ′ ∈ XF . Then |XF | = |T ||XF | and |T | = 2m
where m is the dimension of T as F2 vector space. In Theorem 3.13 we show that
if the space of orderings XF is disconnected, GF is equal to the free product of
GFi in the category C. The group GFi is a W-group of some Pythagorean field Fi,
with a connected space of orderings XFi . Recursively, one can apply Theorem 3.10
to the Pythagorean fields Fi until the structure of the W-group GF is completely
determined.
Lemma 3.12. [11, §.2] Let F be a Pythagorean formally real field with space of
orderings XF = {σ1, . . . , σn |σ2i = 1, σi /∈ ΦF }, such that XF = X1⊕X2⊕· · ·⊕Xk,
where Xi are the connected components of XF . Then GF = GF1 ∗ · · · ∗GFk .
Theorem 3.13. If F is a Pythagorean formally real field,
XF = {σ1, . . . , σn |σ2i = 1, σi /∈ ΦF } XF =
k⋃
i=1
(
Xi, F˙ /F˙
2
)
.
The Xi are the connected components of XF and the GFi are the W-groups corre-
sponding to the fields Fi. Then GF ∼= GF1 ∗ · · · ∗ GFk .
Proof. For any finite space of orderings Xi there exists a Pythagorean field Fi such
that Xi is equivalent to XFi , the space of orderings of the field Fi.
So XF = XF1 ⊕ XF2 ⊕ · · · ⊕XFk . By the last lemma, GF = GF1 ∗ · · · ∗ GFk . On
the other hand, GF = GF /G(3)F where G(3)F is the third term of 2-descending central
sequence of GF in Lemma 2.24. By observing that free products in the category of
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pro-2-groups are mapped to free products in the category C, we obtain our claim
(for any field F , GF /G
(3)
F is an object of the category C). 
3.3. Examples. For any formally real field F the space of orderings XF is con-
nected if it has just one connected component. By Definition 2.4 the minimum num-
ber of orderings in the connected space of orderings is four. LetXF = {σ1, σ2, σ3, σ4}
be a connected space, where without loss of generality we assume σ1σ2σ3 = σ4.
Therefore XF has three independent orderings, |F˙ /F˙ 2| = 23 and |XF | = 4.
Example 3.14. Let F be a Pythagorean field such that GF = 〈σ1, σ2, σ3〉 and
σ1, σ1, σ3 are independent involutions mod ΦF . Then
[σ1, σ2][σ2, σ3][σ3, σ1] = 1⇐⇒ GF ∼= (C4 × C4)⋊ C2.
Suppose GF ∼= (C4×C2)⋊C2, τ1, τ2 are generators of C4×C4 and σ1 the generator of
C2. Let σ1σ2 = τ1 and σ1σ3 = τ2, so the generator σ1 acts on τi by: σ
−1
1 τiσ1 = τ
−1
i
for i ∈ {1, 2} which gives τiσ1 = σ1τ3i . But
[σ1, σ2] = [σ1, σ1τ1] = σ
−1
1 (σ1τ1)
−1σ1σ1τ1 = τ
2
1 [σ3, σ1] = [σ1τ2, σ2] = τ
2
2
[σ2, σ3] = [τ1σ1, τ2σ1] = σ1τ
3
1σ1τ
3
2 τ1σ1τ2σ1 = τ1σ1σ1τ
3
2 τ1σ1τ2σ1 = τ1τ
3
2 τ1τ
3
2
Therefore
(
[σ1, σ2][σ2, σ3][σ3, σ1]
)
= τ21 τ1τ
3
2 τ1τ
3
2 τ
2
2 = 1. Conversely, let F be a
Pythagorean formally real field generated by independent involutions σ1, σ2, σ3
which satisfy the relation [σ1, σ2][σ2, σ3][σ3, σ1] = 1. Suppose τ1 = σ1σ2 and
τ2 = σ1σ3. We will show τ1 and τ2 have order four. As ΦF = [GF ,GF ] and
any element in ΦF has order two, we have
τ41σ1σ2σ1σ2σ1σ2σ1σ2 = [σ1, σ2][σ1, σ2] = 1.
It is easy to check that τ21 = (σ1σ2)
2 6= 1, so the order of τ1 is four. In the same way,
τ2 has order four. Let H = 〈τ1〉×〈τ2〉 andK = 〈σ1〉, since σ−11 τ1σ1 = τ31 ,σ−11 τ2σ1 =
τ32 the group K acts on H by σ
−1
1 τiσ1 = τ
−1
i = τ
3
i . So the set
{(h, k) |h ∈ (〈τ1〉 × 〈τ2〉), k ∈ 〈σ1〉}
has the group structure (C4×C4)⋊C2. On the other hand
(〈τ1〉× 〈τ2〉)∩〈σ1〉 = 1
and
(〈τ1〉 × 〈τ2〉) is a normal subgroup, so GF∼=(C4 × C4)⋊ C2.
Example 3.15. Let F be a field such that;
XF = {σ1, . . . , σ6 | (σ1σ2σ3)2 = 1, (σ4σ5σ6)2 = 1}.
We can determine the structure of W-group GF and the Frattini subgroup ΦF . The
space XF has two connected components;
X1 = {σ1, σ2, σ3, σ1σ2σ3} X2 = {σ4, σ5, σ6, σ4σ5σ6}.
Let F1 and F2 be the two Pythagorean formally real fields corresponding to X1 and
X2 respectively. Their corresponding W-groups are GF1 and GF2 . So
GF1 = 〈σ1, σ2, σ3 | (σ1σ2σ3)2 = 1〉 GF2 = 〈σ4, σ5, σ6 | (σ4σ5σ6)2 = 1〉.
Apply Theorem 3.13 to F and the definition of free product of two pro-2-groups,
to see that.
GF ∼= GF1 ∗ GF2 ∼=
(GF1 × 〈GF1 ,GF2〉)⋊ GF2 .
As we mentioned in Remark 2.23, commutators are in the center so;
(σ1σ2σ3)
2 = σ1σ2σ3σ1σ2σ3 = σ1σ2σ1σ1σ3σ1σ2σ3 = σ1σ2σ1σ2σ2σ1σ3σ1σ2σ3
CLASSIFICATION OF FINITE W-GROUPS 13
= [σ1, σ2]σ2σ1σ3σ1σ2σ3 = [σ1, σ2]σ2σ1σ3σ1σ3σ3σ2σ3
= [σ1, σ2]σ2[σ1, σ3]σ3σ2σ3 = [σ1, σ2][σ1, σ3][σ2, σ3].
By the last example, GF1 , GF2 are isomorphic to the group
(∏
2 C4
)
⋊C2. Therefore,
GF ∼=
((∏
2
C4 ⋊ C2
)× 〈GF1 ,GF2〉)⋊ (∏
2
C4 ⋊ C2
)
.
On the other hand, 〈GF1 ,GF2〉 = 〈[ai, aj] | ai ∈ GF1 , aj ∈ GF2〉, but
GF1 = 〈σ1, σ2, σ3〉 GF2 = 〈σ4, σ5, σ6〉.
So 〈GF1 ,GF2〉 = 〈[σi, σj ] | i = 1, 2, 3, j = 4, 5, 6〉. There are nine such commutators.
Since any of [σi, σj ] has order two, we have:
〈GF1 ,GF2〉 ∼=
∏
9
C2, GF ∼= GF1 ∗GF2 ∼=
((∏
2
C4⋊C2
)×∏
9
C2
)
⋊
(∏
2
C4⋊C2
)
.
Therefore GF is a group of order 219. Since ΦF = [GF ,GF ] there are two cases
for elements of ΦF . First, if g1, g2 are in different components, there are nine such
commutators. Second, if g1, g2 are in the same component, there are four such com-
mutators: [σ1, σ2], [σ1, σ3] of X1 and [σ4, σ5], [σ4, σ6] of X2. But (σ1σ2σ3)
2 = 1 and
(σ4σ5σ6)
2 = 1, so [σ2, σ3] and [σ5, σ6] will be generated by these four commutators.
Therefore altogether we have 13 commutators and any of them has order two, so
ΦF ∼=
∏
13 C2.
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